A classic application of coronal seismology uses transverse oscillations of waveguides to obtain estimates of the magnetic field strength. The procedure requires information on the density of the structures. Often, it ignores the damping of the oscillations. We computed marginal posteriors for parameters such as the waveguide density; the density contrast; the transverse inhomogeneity lengthscale; and the magnetic field strength, under the assumption that the oscillations can be modelled as standing magnetohydrodynamic (MHD) kink modes damped by resonant absorption. Our results show that the magnetic field strength can be properly inferred, even if the densities inside and outside the structure are largely unknown. Incorporating observational estimates of plasma density further constrains the obtained posteriors. The amount of information one is willing to include (a priori) for the density and the density contrast influences their corresponding posteriors, but very little the inferred magnetic field strength. The decision to include or leave out the information on the damping and the damping time-scales have a minimal impact on the obtained magnetic field strength. In contrast to the classic method which provides with numerical estimates with error bars or possible ranges of variation for the magnetic field strength, Bayesian methods offer the full distribution of plausibility over the considered range of possible values. The methods are applied to available datasets of observed transverse loop oscillations, can be extended to prominence fine structures or chromospheric spicules and implemented to propagating waves in addition to standing oscillations.
Introduction
Coronal seismology uses observed and theoretically predicted properties of magnetohydrodynamic (MHD) waves and oscillations to infer plasma and field properties. The method was suggested decades ago by Uchida (1970) , Rosenberg (1970) , and Roberts et al. (1984) . The method was first applied to the inference of the magnetic field strength in coronal loops by Nakariakov & Ofman (2001) . In observations made by the Transition Region and Coronal Explorer (TRACE) and reported by Aschwanden et al. (1999) and Nakariakov et al. (1999) , the observed lateral displacements of coronal loops were interpreted in terms of the fundamental MHD kink mode of a magnetic flux tube. By estimating the phase speed of the waves and associating this observable to the theoretical kink speed in the thin tube approximation, the magnetic field strength could be determined, upon making a number of assumptions on the values of the plasma density inside and outside the coronal loops. The main shortcoming of the method is that values for physical parameters that cannot be directly measured are assumed. Since then, the same method has been widely used to obtain information on the local magnetic field strength in structures such as prominence threads (Lin et al. 2009 ), chromospheric spicules (Zaqarashvili & Erdélyi 2009 ), or coronal streamers (Chen et al. 2011) ; in applications of global seismology using EIT waves (Ballai 2007; West et al. 2011; Long et al. 2013 Long et al. , 2017 ; or in the first application of radio seismology in the outer corona by Zaqarashvili et al. (2013) . Extended reviews on coronal seismology can be found in De Moortel (2005); Banerjee et al. (2007) ; Nakariakov (2008) ; Arregui et al. (2012); De Moortel & Nakariakov (2012) .
Besides the use of the kinematics of the oscillations, the availability of stereoscopic or spectroscopic information has led to improvements when constraining the magnetic field strength. Verwichte et al. (2009) presented the first seismological analysis of a transverse loop oscillation observed by both Solar TErrestrial RElations Observatories (STEREO) spacecraft. Van Doorsselaere et al. (2008) used Hinode/EIS to obtain information on the mass density to infer the local magnetic field strength in a coronal loop with unprecedented accuracy. The calculations from simplified theoretical models have been found to be consistent with those deduced from magnetic extrapolation and spectral methods by Verwichte et al. (2013) . They have also been compared to results obtained from improved models and realistic numerical simulations in order to assess their reliability. The non-planarity of coronal loops and the density variation along the loop only weakly affect the estimates of the magnetic field magnitude (Scott & Ruderman 2012) . The presence of field aligned flows can cause the underestimation of the magnetic field strength in coronal loops when using the traditional seismological methods (Terradas et al. 2010) . The studies by De Moortel & Pascoe (2009) and Pascoe & De Moortel (2014) have shown that the combined effect of the loop curvature, the density ratio, and aspect ratio can lead to ambiguous estimates of the magnetic field strength, because of the appearance of a secondary mode. Chen & Peter (2015) have used reArticle number, page 1 of 16 A&A proofs: manuscript no. ms sults from a three-dimensional coronal simulation in which loop oscillations are present to test the inversions based on coronal seismology. The field derived by coronal seismology is found to be about 15% to 20% smaller that the average field strength in their simulation.
Coronal loop oscillations display time damping and this information has been widely used to infer the characteristic spatial scales for the variation of the mass density across the magnetic field in these structures (see e.g., Arregui et al. 2007; Goossens et al. 2008; Pascoe et al. 2013; Arregui & Asensio Ramos 2014; Arregui et al. 2015; Pascoe et al. 2016 , for a number of examples). The observed damping has been considered in previous inversions, see e.g., Pascoe et al. (2016) , but whether or not the consideration of damping time and spatial scales influence the seismological inversion of the magnetic field strength remains unknown.
The purpose of the present study is twofold. First, we applied Bayesian methods to the solution of inverse problems to infer the magnetic field strength (see Arregui 2018 , for a recent review on Bayesian coronal seismology). The reason to use Bayesian analysis is the lack of direct access to the physical conditions of interest which forces us to use indirect observational information which is always incomplete and uncertain. Extracting information on physical parameters by comparison of theoretical predictions with observed data has therefore to be carried out in a probabilistic framework. This means that our conclusions will at best be probabilities, in the form of posterior probability density functions. These posteriors arise from a principled way of combining prior information, model predictions, and observations, providing inferences that are conditional on the data. Second, we compared results on the inference of the magnetic field strength with and without considering the damping of transverse oscillations to see to what extent the inclusion of damping time scales has an impact on the inference results. The analysis is performed for standing transverse waves under coronal conditions, but can easily be generalised to propagating waves and to plasmas with chromospheric or prominence properties.
The layout of the paper is as follows. In Section 2 our inference method is described. Our results are shown in Section 3 where different inference problems are solved under different knowledge circumstances. We present our conclusions in Section 4.
Inference method
We adopt the methods of probabilistic inference in the Bayesian framework which consider any inversion problem as the task of estimating the degree of belief on statements about parameter values, conditional on observed data. The methods rely on the use of Bayes theorem,
which says that our state of knowledge on a given parameter set, θ, conditional on the observed data, D, and the assumed theoretical model, M, is a combination of what we know independently of the data, the so-called prior p(θ|M), and the likelihood of obtaining the observed data as a function of the parameter vector, p(D|θ, M). Their combination leads to the posterior, p(θ|D, M), which contains all the available information about the unknown parameters of interest. The denominator is the so-called evidence, a factor that accounts for the full probability of the data.
As this quantity is independent of the parameter vector, it just serves as a normalising constant and does not affect the shape of the posteriors. In this study, unless otherwise stated, all probability densities will be normalised so that the full integral is unity. Once the full posterior is computed, information on a particular parameter can be obtained by performing an integral of the posterior with respect to the remaining parameters to obtain the so-called marginal posterior
To perform the inference and compute either the full posterior or the marginal posterior distribution of a given parameter, different alternatives are available. In low-dimensional parameter spaces, one can still compute the full posterior for different combinations of parameters and then perform a direct numerical integration to obtain the marginal posterior for a given parameter. This approach ceases to be feasible as we increase the complexity and dimensionality of our problem. Then, alternative numerical methods need to be employed to evaluate the relevant distributions by e.g., performing a Markov Chain Monte Carlo (MCMC) sampling of the posterior (see e.g., Sharma 2017, for a recent review). The simplicity of the models considered in this work still make possible the use of direct integration over a grid of numerical points, although MCMC methods are also used to further confirm our results and in the prior dependency analysis shown in Appendix A . The posterior probability density in Eq.
(1) is a derived quantity, while both the likelihood and the prior have to be assigned when constructing the statistical model. The prior probability distribution contains our state of belief on the values the unknown parameters can take before considering the observed data. This information usually comes from past knowledge and experience from which a guess is usually made. The physical model can also impose limitations to the particular value or range of values a parameter can take on. In this study, different prior distributions are employed. When our information on a given parameter is limited to a plausible range of variation, we use a uniform prior probability distribution over the considered range of the form
where H(x, a, b) is the top-hat function
When more specific information on a given parameter value is available from observations, this knowledge will be used to construct a more informative prior using the measured value of the parameter and the error reported from observations to define the mean, µ θ i , and standard deviation, σ θ i , of a Gaussian prior of the form
Finally, it is important to assess the dependence of the inversion result on the prior information. In Appendix A, another prior distributions are employed in an analysis of the effect of prior information on the obtained results. They include e.g., a Jeffreys type Article number, page 2 of 16
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Regarding the likelihood function, we will consider that observations are corrupted with Gaussian noise and that they are statistically independent. Then, a given observed variable D and its theoretical prediction D model can be compared by adopting a Gaussian likelihood of the form
with σ the uncertainty associated to the measured D.
Results
The methods described above are next applied to a number of problems in which the forward and inverse problems, as well as the base-knowledge information is different. In this way, a stepby-step knowledge is acquired on the amount of information that we can gather on the unknown parameters, conditional on the assumptions of each physical model and the available data with their uncertainty.
Internal Alfvén speed and magnetic field strength
Let us first consider the simplest inversion problem consisting of inferring the internal Alfvén speed in a coronal loop undergoing undamped transverse oscillations interpreted as the fundamental MHD kink mode. Assuming that coronal loops can be modelled as one-dimensional density enhancements in cylindrical geometry and under the thin tube approximation, theory relates the observable phase speed, v ph , to the internal Alfvén speed, v Ai , and the contrast between the internal ρ i and external density ρ e , ζ = ρ i /ρ e , in the following manner
We will refer to this as model M 1 . We first applied our Bayesian scheme to the inference of the internal Alfvén speed of coronal loops, considering a particular event, first described by Nakariakov et al. (1999) , and subsequently analysed by Nakariakov & Ofman (2001) . In the event of the 4th of July, 1999, a period of P = 360 s and a loop length of L = 1.9 × 10 10 cm were measured. The authors report an estimated phase speed of v ph = 1030 ± 410 km s −1 after considering Article number, page 3 of 16 A&A proofs: manuscript no. ms the uncertainty on the measured variables. Bayes theorem applied to this particular problem tells us that the posterior for the two unknowns, θ = {v Ai , ζ}, conditional on the measured phase speed, D = v ph , and the assumed model, M 1 , is a combination of the likelihood of the data as a function of the unknowns and the prior distributions. Explicitly,
with
Considering a Gaussian likelihood function and uniform prior distributions for the unknowns over plausible ranges leads to the marginal posterior distributions shown in Figs. 1a and 1b, which indicate that the internal Alfvén speed can be properly inferred (Fig. 1a) . Notice that the factor with the square root in Eq. (7) is allowed to vary in between 1 and √ 2, when ζ is allowed to vary in between just a little more than 1 and ∞. The classic result is therefore that one could expect v Ai to be constrained to a narrow range, as pointed out by Arregui et al. (2007) . However all those values are not equally probable. What our Bayesian result offers is the probability distribution of those possible values within the range. On the other hand, the density contrast cannot be inferred with the information on the phase speed alone (Fig. 1b) . Equation (7) for the wave phase speed can be expanded to incorporate the magnetic field strength, B 0 , to the inversion. The forward problem for model M 1 can now be formulated as
with µ 0 the magnetic permeability. In this case, Bayes theorem provides us with the posterior for three unknowns, θ = {ρ i , ζ, B 0 } -internal density, density contrast, and magnetic field strength. The explicit expression for the Bayes theorem now reads
where we have omitted the explicit expression for the evidence for brevity.
Figures 1c and 1d show the marginal posterior distributions for the loop density and for the magnetic field strength, respectively. The marginal posterior for the density contrast is the same as the one shown in Fig. 1b . The results now show a well-constrained distribution for the magnetic field strength, that can therefore be properly inferred. The same is not true for the loop density, for which no information can be gathered. Let us compare our result with that by Nakariakov & Ofman (2001) . Nakariakov & Ofman (2001) obtained a numerical estimate of B 0 = 13 ± 9 G, upon employing a density of 10 9.3±0.3 cm −3 . When allowing the density to vary from 1 × 10 9 to 6 × 10 9 cm −3 , a range of variation for B 0 was obtained. The main advantage of our Bayesian result is that, when considering a range of possible values for the density, the marginal posterior in Fig. 1d tells us how the plausibility of the corresponding possible values of the magnetic field strength is distributed. If we wish to use the estimated density, the Bayesian method enables to mimic this by employing a Gaussian prior, as will be discussed in Sect. 3.2.
In summary, by adopting the simplest possible model for transverse loop oscillations in the long wavelength approximation, measuring the phase speed of the waves, and considering uniform priors for the unknown parameters, the internal Alfvén speed and the magnetic field strength can be inferred, even if the densities inside and outside the waveguide are largely unknown.
Information on plasma density
Our knowledge on the plasma density inside the waveguide turns out to be an important matter when inferring the magnetic field strength. In the results above, a large range of possible values for the waveguide density was considered, with typical coronal loop densities in the range ρ i ∈ [10 −13 − 10 −11 ] kg m −3 , corresponding to particle densities in the range n ∼ [10 8 − 10 10 ] cm −3 (Priest 1982) . Also, a density contrast in the range ζ ∈ [1.1 − 10] was fixed. Uniform prior distributions for ρ i and ζ were considered over those ranges.
We repeated the inversion of magnetic field strength by first considering uniform priors over different ranges for both parameters, ρ i and ζ. First, the maximum value of the density contrast was modified by considering several values from ζ = 3 up to ζ = 50. Figure 2a shows the obtained results. We can see that the extent on density contrast over which a uniform prior is considered does not influence much the magnetic field strength Article number, page 4 of 16 Arregui et al.: Inference of magnetic field strength and density from damped transverse coronal waves −0.9 ) × 10 −12 kg m −3 . In the bottom panels, the outer boundaries of the light grey and dark grey shaded regions indicate the 95% and 68% credible regions.
inference. A different result is obtained when the inversion is performed considering uniform prior distributions over different ranges for the internal density. Figure 2b shows marginal posterior distributions for the magnetic field strength computed by considering a uniform prior for the fixed range of ζ ∈ [1.1 − 10] and uniform priors over three different ranges for the waveguide density. We can see that considering the lower density half-range with ρ i ∈ [10 −13 − 10 −12 ] kg m −3 or the higher density half-range with ρ i ∈ [10 −12 − 10 −11 ] kg m −3 produce rather different results. When the full range ρ i ∈ [10 −13 − 10 −11 ] kg m −3 is taken, results similar to those obtained with the higher density half are found. This range is in close correspondence to the one considered by Nakariakov & Ofman (2001) and was chosen for this reason in the results above. A note of warning is in order here. When a parameter is left to vary over several decades, using a uniform prior is not the best choice. As the result above shows, the contribution to the marginal posterior from the integral over the range [10 −13 -10 −12 ] is insignificant in comparison to the contribution from the integral over the range [10 −12 -10 −11 ]. In this case, considering the density a scale parameter and using a Jeffreys prior, which gives equal probabilities over decades in a logarithmic scale might be more appropriate, as discussed in Appendix A.
Besides changing the range of variation over which uniform prior distributions are defined, the Bayesian formalism enables us to incorporate more informative priors. Spectroscopy or the analysis of the Differential Emission Measure (DEM) enables us to obtain some properties of the emitting coronal plasma, such as the density (see e.g., Van Doorsselaere et al. 2008; Su et al. 2018) . When additional knowledge like this becomes available, the classic approach has been to use it to obtain a numerical estimate for the magnetic field strength. For instance, Nakariakov & Ofman (2001) used a density of 10 9.3±0.3 cm −3 in their calculation. The Bayesian approach enables to selfconsistently incorporate this information to update the posteriors, i.e., our state of belief. The proper way to proceed is to recalculate the posterior using this more informative prior.
As an example, let us use the same estimate as Nakariakov & Ofman (2001) , which considering the proton mass and a mean molecular mass of around 1.16 in the corona translates into ∼ 1.9×10 12 kg m −3 , with its corresponding uncertainty. We can use this information to construct a Gaussian prior for the density, by considering Eq. (5) Fig. 1 , under model M 1 and using a uniform prior over the full range of plasma density values, ρ i ∈ [10 −13 , 10 −11 ] kg m −1 and then marginalising (solid-line); taking a cut of the two-dimensional joint posterior at the value µ ρ i = 1.9 × 10 −12 kg m −1 (dashed-line) and solving the problem using a Gaussian prior with µ ρ i = 1.9 × 10 −12 kg m −1 and
ter θ i = ρ i , centred on the numerical estimate µ θ i = µ ρ i , and with uncertainty σ θ i = σ ρ i . Figure 3 shows the result of such an inversion for the magnetic field strength and the plasma density inside the waveguide. Figure 3a shows the Gaussian prior for the density and its corresponding posterior. The resulting posterior closely resembles the assumed prior, although the information on the data has slightly altered the posterior. Figure 3b shows a comparison between the marginal posterior distributions for the magnetic field strength using the uniform prior and the Gaussian prior in density. Using the information obtained from measuring the plasma density produces a shift in the marginal posterior for the magnetic field towards smaller values and a more constrained distribution. The summary of this posterior using the median and errors at the 68% credible interval leads to B 0 = 13 +7 −6 G, in good agreement with the numerical estimate by Nakariakov & Ofman (2001) . Table B .1 in Appendix B shows a comparison between previous estimates of magnetic field strength in a number of reported events and our Bayesian posterior summaries. In all cases, a good agreement is found. In addition, our results provide us with the full probability distributions. The last two panels show a comparison between the joint posteriors for internal density and magnetic field strength obtained by employing the uniform prior (Fig. 3c ) and the Gaussian prior (Fig. 3d) for the internal density. As can be seen, the addition of information enables us to further constrain our estimates for both unknowns, waveguide density and magnetic field strength. We note the lack of symmetry of the joint posterior in Fig 3d, which explains why assumptions in density might have an impact on the inferred magnetic field strength and why considering a range in density from 10 −12 to 10 −11 kg m −3 leads to a very similar result to considering the full range (see Fig 2b) , since that range already covers most of the region where the joint posterior is large.
By looking at Fig. 3c one may wonder if, instead of using a Gaussian prior on density, it is not possible to solve the inversion problem by considering a uniform prior over the full range of internal density values and then performing a cut of the joint two-dimensional posterior for density and magnetic field at the plasma density values that has been measured (dashed line in Fig. 3c) . Another option could be to simply insert the value of µ ρ i in ρ i in Eq. (9) and solve that oversimplified inversion problem for two unknowns, θ = {ζ, B 0 }. Figure 4 shows the result of a comparison of marginal posteriors for the options being discussed. The solid line is the result of the integration of the full posterior over the full range of values for ρ i (and ζ) and gives the most uncertain result with the possible values for the magnetic field strength extending up to ∼ 60 G. The dashed-line shows the result of taking a cut of the joint posterior for B 0 and ρ i at the measured value for the plasma density. This is the most constrained distribution, but it does not take into account the uncertainty on the measured plasma density. It just considers that this uncertainty is zero. In our view, simply inserting a measurement of ρ i without its associated uncertainty, even if it provides the more constrained result, is not the best option. The dotted curve is the posterior corresponding to the use of the Gaussian prior for the density. This exercise shows that what one is willing to assume about the plasma density inside the waveguide may influence the inference of the magnetic field strength. The advantage of the Bayesian approach is that one is forced to explicitly specify this "what one is willing to assume" in the definition of the priors when constructing the statistical model. In Appendix A a prior dependence analysis of the obtained results is presented. The results indicate that changes on what one is willing to accept a priori for the density and density contrast have an effect on their corresponding posteriors, but not on the inferred magnetic field strength.
Information on wave damping
Time damping is a commonly observed property in transverse loop oscillations, with characteristic damping times of a few oscillatory periods. Although inferences of magnetic field strength using the damping of the oscillations have been presented (see e.g., Pascoe et al. 2016) , the influence of this observable on the estimates of the magnetic field strength inferred by seismology is unknown. For this reason, we performed the inference including the simplest available model for damping by resonant absorption, a plausible mechanism to explain the observed damping time scales (Goossens et al. 2002; Ruderman & Roberts 2002) . We therefore consider model M 2 in which the previous model M 1 is modified by including a non-uniform density layer of length l at the boundary of the waveguide and centred around the radius R of the tube. Under the long wavelength and thin boundary (l ≪ R) approximations analytical relationships can be obtained for the observable phase speed and damping time as a function of four unknown parameters -internal density, density contrast, magnetic field strength, and transverse inhomogeneity length scale -such that
Here, L is the length of the loop, a magnitude that is assumed to be measurable. The expression for the damping time contains a factor 2/π as a result of the particular assumption of a sinusoidal density profile for the density at the non-uniform layer. Considering different alternatives for the density profile leads to differences in the forward predictions and also in the inverse soArticle number, page 6 of 16 lutions. The latter may be important in strong damping regimes, as shown by Arregui et al. (2015) .
Equations (11) and (12) show that even using the simplest model for resonantly damped oscillations the expressions for the phase speed and the damping time are coupled and, hence, some degree of influence of the information on the damping time can be expected when inferring the magnetic field strength. We note that the phase speed is independent of the transverse inhomogeneity length scale, a consequence of the adoption of the thin boundary approximation. Van Doorsselaere et al. (2004) and Arregui et al. (2005) have shown that, outside this approximation, the period of the fundamental kink mode depends on the transverse inhomogeneity length-scale, producing significant variations especially for values above l/R = 1.
As the event of 4th of July used in our previous calculations does not come with the corresponding damping time, we first repeated the inference presented in Sect. 3.1, by including some reasonable value for the damping time and using the forward model given by (11) and (12). Bayes theorem now includes additional parameters, θ = {ρ i , ζ, B 0 }, and observables, D = {v ph , τ d , L}, and can be written as
An example inversion result is shown in Fig. 5 , which displays marginal posterior distributions and joint probability distributions for the magnetic field strength, the density contrast, and the transverse density inhomogeneity length scale. As in Section 3.1, we used uniform priors over given ranges for all parameters. Again, the magnetic field strength can be properly constrained. The inclusion of a damping time leads to a constraint on the lower limit of density contrast and transverse density inhomogeneity length scale, but no restriction can be found on the upper limit beyond the assumed prior.
The posterior for the magnetic field strength shows a very similar probability distribution to the inversion result without the use of the damping time (Sect. 3.1). Both the median of the probability density and the dispersion are similar to the case without damping. There is a slight decrease in the median for B 0 for larger damping times. This is more clearly seen in Fig. 6a , were posteriors for the magnetic field strength for different damping regimes are displayed. The posteriors between the case with no damping and the three cases with damping show minimal differences. Also, once a value for the damping time is considered, it does not seem to matter that much the precise value of the damping time. These results point to a negligible importance of considering the information on the damping time scale of coronal loop oscillations when inferring the magnetic field strength, when the thin tube and thin boundary approximations are used. Table B .2 in Appendix B shows that this conclusion holds when analysing a large sample of events with damping presented by Goddard et al. (2016) . Outside these approximations, the period becomes dependent on the transverse inhomogeneity length-scale (Van Doorsselaere et al. 2004; Arregui et al. 2005; Soler et al. 2014 ) and a stronger coupling between period and damping time is expected, which could lead to a more effective influence of the damping on the inferred magnetic field strength. The remaining panels in Fig. 6 show that the two parameters that define the cross-field variation of the density, ζ and l/R can be constrained better or worse, depending on the actual value of the damping time. The constraint on the lower limit of l/R is much more sensitive to the choice of damping time than the lower limit on ζ. Constrained posterior distributions for ζ and l/R can also be obtained using two resonant damping regimes, as shown Article number, page 7 of 16 A&A proofs: manuscript no. ms by Arregui et al. (2013) for synthetic data and by Pascoe et al. (2017) for observational data.
Summary and conclusions
We applied Bayesian inversion methods to the inference of the magnetic field strength in transversely oscillating coronal waveguides. The classic approach to the problem has been to use measured values for the period or phase speed together with an analytical approximation to the kink speed in the long wavelength limit to extract information on the magnetic field strength, upon inserting numerical estimates, either assumed or as a result of an indirect measurement, for parameters such as the density contrast of the waveguide and the internal density (Nakariakov & Ofman 2001) . The result is a numerical estimate with its corresponding error bar or a range of variation for the possible values the magnetic field strength can take on. In some cases, information on the density gathered from spectroscopic measurements has enabled to further constrain the estimates (see e.g., Van Doorsselaere et al. 2008) . Our approach consist of adopting Bayesian methods to obtain the global probability density distribution, or posterior, for the unknowns. This posterior can then be marginalised to obtain information on a particular parameter of interest, e.g., the magnetic field strength, which assigns a level of plausibility to each considered parameter value. The process self-consistently propagates uncertainty from data and between the unknowns of the problem.
These methods have been applied to compute probability density distributions for the magnetic field strength to study in detail the possible impact on the variability of density and density contrast and of the observed damping time. This was done by solving different inversion problems in which our baseknowledge is different to analyse how the uncertainty on the density and the density contrast affects the magnetic field strength inversion and whether or not the consideration of the damping modifies the obtained posteriors significantly.
We found that the magnetic field strength can be inferred, even if the densities inside and outside and their ratio are largely unknown. The obtained marginal posteriors show well constrained distributions. In comparison to e.g., Nakariakov & Ofman (2001) , who obtained numerical estimates or a range of possible values as a function of the considered density, our results offer how the relative plausibility between those possible values is distributed. When spectroscopic information on plasma density is available, the method enables to incorporate this knowledge in a self-consistent manner, further constraining the inference. In the inference process, both the density in the waveguide and the density contrast with respect to the coronal plasma density need to be considered. By considering uniform prior distributions over different ranges in these two parameters the results indicate that the posterior for the magnetic field strength inference is very little dependent on the density contrast range that is assumed, but the range of variation for the density of the waveguide has an impact on the obtained magnetic field strength distribution. A sensitivity analysis considering other alternative priors for density contrast and loop density shows that these priors influence the corresponding posteriors in these two parameters, but very little the posterior for the magnetic field strength.
The observed oscillation damping is practically irrelevant to the inversion of the magnetic field strength, at least when the thin tube and thin boundary approximations are considered in the forward problem. However, its inclusion enables to obtain information on the transverse inhomogeneity length scale of the density at the boundary of the waveguide, a parameter directly related to wave heating processes.
Article number, page 8 of 16 Arregui et al.: Inference of magnetic field strength and density from damped transverse coronal waves Table B .2 and their corresponding uncertainties as a function of the loop length (left) and the oscillation period (right). We note that the loop lengths are given without errors. The errors in the magnetic field strength are given at the 68% credible interval.
We applied the methods here presented to a set of observed transverse loop oscillations. The results are displayed in Tables B.1 and B.2 in Appendix B. In Table B .1 we compare magnetic field strength estimates provided by Nakariakov & Ofman (2001) , Aschwanden et al. (2002) , Goossens et al. (2002) , Van Doorsselaere et al. (2008) , White & Verwichte (2012) , and Pascoe et al. (2016) with the corresponding results obtained using the Bayesian method. The field strengths are first computed using a uniform prior on density over the extended range ρ i ∈ [10 −13 − 10 −11 ] kg m −3 , which lead to the values B u in Table B.1. Then, Gaussian priors on density are employed around the density values estimated or assumed by those authors, which lead to the values B G in Table B .1. The summaries of our distributions are in agreement with the previous numerical estimates. In order to confirm our result regarding the minimal influence of the damping on the inferred magnetic field strength, when the thin tube and thin boundary expressions for the forward problem are used, we compared the inference results, with and without damping, for 52 events compiled by Goddard et al. (2016) from the catalogue by Zimovets & Nakariakov (2015) . The results presented in Table B .2 in Appendix B show that practically the same posterior summaries are obtained with or without damping, with differences of only ±1 G. Figure 7 shows a summary of the magnetic field strengths in Table B .2 for the inferences of B no damping as a function of the loop length and of the oscillation period. No clear signature of a trend is found in the case of the magnetic field strength as a function of the loop length. On the contrary, the inverse relationship between magnetic field strength and period, present in the model, can be clearly seen from the inferred field strengths.
The methods here presented can in principle be applied to another magnetic and plasma structures in the solar atmosphere, such as prominence fine structures (see e.g. Montes-Solís & Arregui 2019) or chromospheric spicules.
Our analysis has shown that the inference of the magnetic field strength can be performed regardless of the fact that the density and the density contrast cannot be properly inferred and are therefore largely unknown. Using different uniform priors for the density contrast does not affect the marginal posterior for the magnetic field strength, as shown in Fig. 2a . The same is not true for the density of the waveguide, see Fig. 2b . Issues with priors are evident already from the results shown in Fig. 1 . Figure 1b shows that the marginal posterior for density contrast has a long tail and is not going to zero at the extremes. In Fig. 1c , the range of variation for the internal density spans over two orders of magnitude. Using a uniform prior and integrating over the range [10 −13 -10 −12 ] or over the range [10 −13 -10 −11 ] will lead to probabilities that are not of the same order. This makes the density a scale parameter for which a Jeffreys prior might be more appropriate.
In this section, a more detailed prior analysis is presented. In addition to the use of a uniform prior for density contrast, the inversion of Eq. (9) was performed using different priors for density contrast and waveguide density.
For density contrast, the following alternative priors were considered:
2 ), with µ ζ = 5.5 and σ = 7.75.
with µ ζ = 5.5 and γ = 1, 2, 3, 4, 5. -An exponential, p(ζ) = C exp(−ζ/4), with ζ ∈ [1.1 − 10] and C such that the integral is unity.
In the same manner, the following priors for the density of the waveguide were used, as alternatives to the uniform prior: The results of the prior analysis for different priors in density contrast are shown in Fig. A.1 . Each inversion with a different prior corresponds to a row of panels. The leftmost panels shows the used prior for density contrast, then we show the corresponding marginal posteriors for density contrast, density, and magnetic field strength. The results have been computed using both direct numerical integration and also Markov Chain Monte Carlo (MCMC) sampling of the posterior making use of emcee (Foreman-Mackey et al. 2013) , as explained in Montes-Solís & Arregui (2017) . As can be seen, the use of uniform, normal, Cauchy, or exponential priors for the density contrast influence the marginal posterior obtained for this parameter. Basically, what one gets as posterior is very similar to what we had as input in the prior. In all four cases, the marginal posterior for the density is unaffected. More importantly, the marginal posterior for the magnetic field strength is unaffected. The inference of magnetic field strength is therefore robust in front of changes in the employed prior distribution for density contrast.
The results of the prior analysis for different priors in density contrast are shown in Fig. A.2 . Again, each row shows results from the inversion using a different prior on density, indicated on the leftmost panel. Similarly to the previous case, changes in the prior information for the density do affect the marginal posterior obtained for this parameter, but do not influence significantly the marginal posteriors for the other two parameters of the problem, density contrast and magnetic field strength. The posterior for density contrast seems to be completely independent on the information on the density of the waveguide. Only in the case of a Jeffreys prior for the density, the posterior for the magnetic field strength slightly affected (see rightmost panel in Fig. A.2) .
In summary, what one is willing to accept a priori about the density and the density contrast affects their corresponding posteriors, but very little the inference of the magnetic field strength. The three parameters seem to be rather independent, since changes in the prior information do not seem to affect the regions of parameter space where the likelihood is high.
Appendix B: Application to loop oscillation data
We applied our Bayesian methods to existing data of transverse loop oscillations. Table B .1 shows a comparison between magnetic field strength estimates from previous works and summaries of posteriors using Bayesian analysis. For each event, the length of the loop, oscillation period, and measured phase speed are shown. First, the summary of the posterior for the internal Alfvén speed is computed using the forward model (7) and the full posterior (8), which is then marginalised. Then, the magnetic field strength posterior is computed using the forward model (9) and the Bayesian posterior (10) for a uniform prior on density over the range ρ i ∈ [10 −13 − 10 −11 ] kg m −3 . The last column shows the more constrained results obtained using a Gaussian prior on density centered at the values estimated or assumed by the previous studies. Nakariakov & Ofman (2001) A&A proofs: manuscript no. ms m −3 , White & Verwichte (2012) and Pascoe et al. (2016) assume the loops have an electron number density of 10 15 m −3 . When the posteriors computed with the Gaussian priors on density are summarised, the median and credible region at the 68% credible interval agree well with the previous numerical estimates for the events presented by Nakariakov & Ofman (2001) , Aschwanden et al. (2002) , Goossens et al. (2002) , and Van Doorsselaere et al. (2008) .
We found a discrepancy between our posterior summaries and previous magnetic field strength estimates in the events analysed by White & Verwichte (2012) and Pascoe et al. (2016) . White & Verwichte (2012) obtained possible ranges of variation for the magnetic field strength according to the inequalities
By inserting the values µ 0 = 4π × 10 −7 H m −1 ,μ = 1.27, m p = 1.6726 × 10 −27 kg and n e = 10 15 m −3 and using the estimated phase speeds in Table 1 by White & Verwichte (2012) , we obtain the magnetic field strength ranges shown in italics in Table B .1, which differ from the ranges in Table 3 by White & Verwichte (2012) but agree well with our Bayesian posterior summaries using a Gaussian prior on density. Pascoe et al. (2016) find their magnetic field strength estimates and associated errors from the expression
By inserting the values µ 0 = 4π × 10 −7 H m −1 ,μ = 1.27, m p = 1.6726 × 10 −27 kg and n e = 10 15 m −3 and using the estimated values for C A0 in their Table 3 , we obtain the magnetic field strength values shown in italics in Table B .1, which differ from the values quoted in Table 3 by Pascoe et al. (2016) but agree well with our Bayesian posterior summaries using a Gaussian prior on density. The source of the discrepancy between our results and those by White & Verwichte (2012) and Pascoe et al. (2016) could be a typo in one of the exponents in the square root term in Eqs. (B.1) and (B.2) or, equivalenty, the reported results in White & Verwichte (2012) and Pascoe et al. (2016) would apply for values of n e = 10 14 m −3 rather than the stated 10 15 m −3 . A second application to loop oscillation data is shown in Table B.2. The list compiled by Goddard et al. (2016) from a catalogue by Zimovets & Nakariakov (2015) contains 120 events. Two of these events are not analysed, since no loop length measurement is available. In 52 cases, estimates of damping times are given. For these cases, the Bayesian inference of the magnetic field strength is performed using uniform priors and for two cases. One without considering the damping, using Eqs. (9) and (10), leading to the posterior summaries B no damping . Another considering the damping, using Eqs. (11), (12) and (13), leading to the posterior summaries B damping . As can be appreciated, the differences in the posterior summaries are minimal, up to ±1 G at most in the median and/or the upper/lower error bars at the 68% credible interval. Hence we confirm with our application to real data that considering the damping of the oscillations in the inference of the magnetic field strength has very little impact, at least when the thin tube and thin boundary approximations are used. The analysis is completed by performing the inference without damping for 66 cases in which damping was not measured, using Eqs. (9) and (10). Article number, page 14 of 16
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